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Q . Abstract 
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We present an explicit on-shell framework to renormalize the Cabibbo-Kobayashi-Maskawa 

G i 

(CKM) quark mixing matrix at the one-loop level. It is based on a novel procedure to separate the 
external-leg mixing corrections into gauge-independent self-mass (sm) and gauge-dependent wave- 

CN 



Oh 



X 



function renormalization contributions, and to adjust non-diagonal mass counterterm matrices to 
cancel all the divergent sm contributions, and also their finite parts subject to constraints imposed 



> 
CO 

by the hermiticity of the mass matrices. It is also shown that the proof of gauge independence and 

CN ' 

finiteness of the remaining one-loop corrections to W — > qi + qj reduces to that in the unmixed, 

\o : 

single-generation case. Diagonalization of the complete mass matrices leads then to an explicit 



expression for the CKM counterterm matrix, which is gauge independent, preserves unitarity, and 
leads to renormalized amplitudes that are non-singular in the limit in which any two fermions 
become mass degenerate. 
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I. INTRODUCTION 



The Cabibbo-Kobayashi-Maskawa (CKM) |l[ quark mixing matrix is one of the basic 
pillars of the electroweak sector of the Standard Model (SM). In fact, the detailed determi- 
nation of this matrix is one of the major aims of recent experiments carried out at the B 
factories [2|], as well as the objective of a wide range of theoretical studies 2j, y, \4\. 

An important theoretical problem associated with the CKM matrix is its renormalization. 
An early discussion, in the two-generation framework, was presented in Ref. [5|, which 
focused mostly on the removal of the ultraviolet (UV) divergent contributions. In recent 
years there have been a number of interesting analyses that address the renormalization of 
)oth the UV-divergent and finite contributions at various levels of generality and complexity 

In Ref. j3] , we outlined an explicit and direct on-shell framework to renormalize the CKM 

matrix at the one-loop level, which can be regarded as a simple generalization of Feynman's 

n 

approach in Quantum Electrodynamics (QED) [8[]. 

In the present paper, we present a detailed discussion of this renormalization framework 
and of the calculations underpinning its implementation. We recall that, in QED, the self- 
energy insertion in an external leg involving an outgoing fermion is of the form 

AM^ = «(p)£(0— !— , (1) 
= A + B(f-m) + ^ n (f), (2) 

where u(p) is the spinor of the external particle, the self-energy, idft—m)^ 1 the particle's 
propagator, A and B UV-divergent constants, and £fi n (^) the finite part that behaves as 
Sfi n (|Z>) oc {i> — m) 2 in the neighborhood of = m. The contribution of A to Eq. ([1]) exhibits 
a pole as f — > m, while the term proportional to B is regular in this limit and that involving 
Efi n (^) clearly vanishes. We may refer to A and B as the "self-mass" (sm) and "wave-function 
renormalization" (wfr) contributions, respectively. The contribution A is gauge independent 
and is canceled by the mass counterterm. The contribution B is in general gauge dependent 
but, since the (ft — m) factor cancels the propagator's singularity, in Feynman's approach 
it is combined with the proper vertex diagrams leading to a gauge- independent result. In 
other formulations, B in Eq. (T5]) is canceled by an explicit field renormalization counterterm 
5Z, which also modifies the tree-level vertex coupling and, consequently, transfers once more 
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this contribution to the vertex amplitude. 
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FIG. 1: Fermion self-energy diagrams. 

In the case of the CKM matrix we encounter off-diagonal as well as diagonal external- 
leg contributions generated by virtual effects involving W bosons and charged Goldstone 
bosons As a consequence, the self-energy corrections to an external leg involving an 

outgoing quark is of the form 

A^? = «i(p)XV(j»)— (3) 

where i denotes the external quark of momentum p and mass m«, i' the initial virtual quark of 
mass 7?v, i{^>—mii)~ l is the corresponding propagator, and the self-energy (see Fig.[T]). 

In Fig. H](b) we have included the tadpole diagram involving a virtual ^ boson because its 
contribution is necessary to remove the gauge dependence in the diagonal contributions of 
Fig.EKa). 

There are other contributions involving virtual effects of Z° bosons, neutral Goldstone 
bosons (4>°), photons (7), and Higgs bosons (H) as well as additional tadpole diagrams, but 
all of these lead to diagonal expressions of the usual kind. An analytic expression for the 
full result may be found, e.g., in Ref. 0. 

In Sec. Ill Al we analyze in detail the contributions arising from the diagrams in Fig. [H 
After carrying out the Dirac algebra in a way that treats the i and i' quarks on an equal 
footing, we find that the Sm'(^) contributions can be classified as follows: (i) terms with a 
left factor (J> — m»); (ii) terms with a right factor {i> — m^); (iii) terms with a left factor 
(p — rrii) and a right factor {jh — m^); and (iv) constant terms not involving p. 



We note that, in Eq. (J3]), is inserted between the external-quark spinor Ui{p) and 

the virtual-quark propagator i{f — mi') -1 . It follows that off-diagonal contributions of class 



(i) vanish in Eq. 



since v> — rriji 



is non-singular for i' ^ i, while Ui(p)(ft — 



0. 



However, there are in general diagonal contributions of class (i), since for i' = i the factor 
{i> — rrii) may cancel against the propagator in Eq. ([3]). In contributions of class (ii), the 
right factor {jt> — cancels the propagator in Eq. ([3]). In analogy with the cancellation 
of Sfi n (^) in Eqs. ([I]) and (j2J), contributions of class (iii) vanish in both the diagonal and 
off-diagonal cases, since the right factor {i> — m^) cancels the propagator in Eq. (j3J), and 
again Ui(p)(p — rrii) = 0. A common feature of all the non-vanishing contributions to Eq. (J3j) 



arising from classes (i) and (ii) is that the virtual-quark propagator i( 



mil 



has been 



canceled in both the diagonal (i' = i) and off-diagonal (i' ^ i) cases and, as a consequence, 
they are non-singular as i> — > my. Thus, they can be suitably combined with the proper 
vertex diagrams, in analogy with B in QED. In contrast, the contributions of class (iv) to 
Eq. ([3]) retain the virtual-quark propagator — mi') -1 and are singular in this limit. 

In Sec. Ill Al we show that, in our formulation, the contributions to Eq. ([3]) of class (iv) 
are gauge independent, while those arising from classes (i) and (ii) contain gauge-dependent 
pieces. 






(a) 



(b) 



(c) 



FIG. 2: Proper Wq^q^ vertex diagrams. 

In analogy with the QED case, we identify class (iv) and classes (i) and (ii) as self-mass 
(sm) and wave-function renormalization (wfr) contributions, respectively. They are listed 
explicitly in Sees. Ill Bl and III CI In Sec. Ill CI we also discuss important simplifications that 
occur in the wfr contributions to the physical W — > qi + q, amplitude. In particular, we 
show that the gauge-dependent and the UV-divergent parts of these contributions depend 



4 



only on the external-quark masses and rrij and do not involve the CKM matrix elements, 
except for an overall factor V^-, in analogy with the proper vertex diagrams depicted in 
Fig. [2J This result implies that, once the divergent sm contributions are removed in the 
renormalization process, the proof of finiteness and gauge independence of the remaining 
one-loop corrections to the W — > g» + 5 • amplitude is the same as in the much simpler case 
of a hypothetical single generation made of the i and j quarks with unit CKM coupling. 

By contrast, since the sm contributions to Eq. ([1]) are proportional to (f — m^) _1 , they 
have a structure unsuitable for the combination with vertex diagrams. Thus, one expects 
such terms to be separately gauge independent, as we find. 

The plan of this paper is the following. In Sec. [Ill we evaluate the diagrams depicted in 
Fig. [T]and prove the various properties described above. In Sec. IHII we study the cancellation 
of sm contributions by suitably adjusting the mass counterterms, subject to restrictions 
imposed by hermiticity. In Sec. [TV] we discuss the diagonalization of the complete mass 
matrix, i.e. the renormalized plus counterterm mass matrices, and show explicitly how this 
procedure generates a CKM counterterm matrix in a manner that preserves unitarity and 
gauge independence. Section [V] contains our conclusions. 

II. EVALUATION OF T, iV {f} AND GAUGE INDEPENDENCE OF THE SELF- 
MASS CONTRIBUTIONS 

In subsection III Al we evaluate the one-loop diagrams of Fig. [H explain the separation into 
wfr and sm amplitudes, and show explicitly the cancellation of gauge dependences in the 
latter. Following standard conventions, if) is defined as i times the diagrams of Fig. [TJ 

We show how the various contributions can be classified in the categories (i)-(iv) described 
in Sec. HI As explained in Sec. HJ terms of class (iii) give a vanishing contribution to the 
correction AA-^, 8 associated with an external leg, while those belonging to classes (i) and (ii) 
effectively cancel the virtual-quark propagator %{i>— 7Jty) -1 . They naturally combine with the 
proper vertex diagrams and are identified with wfr contributions. They are generally gauge 
dependent. By contrast, in our formulation, the contributions of class (iv) to AAi l ^f are 
gauge independent and proportional to i{jf> — m,/)" 1 , with a cof actor that is independent of p 
although it depends on the chiral projectors a±. They are identified with sm contributions. 

The sm and wfr contributions to AAi l ^f are given explicitly in subsections III Bl and III CI 
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Although the main focus of this paper is the study of the sm contributions, in Sec. Ill CI 
we also digress on the further simplifications of the wfr contributions that occur in the 
important W — > + g amplitude. 



A. Evaluation of S^/ {p) 

For definiteness, we first consider the case in which i and %' in Fig. [T](a) are up-type 
quarks and I is a down-type quark. Following standard conventions, we denote by Vu the 
CKM matrix element involving the up-type quark i and the down- type quark /. Simple 
modifications in other cases are discussed in Sec. Ill PL 

Writing the W^-boson propagator in the gauge as 

nw _ _ - 9^u - kjAA)- - £w)/ (k 2 - m 2 w ^ w ) 
^~ % k 2 -m 2 w ' [) 

where is the gauge parameter, we first consider the contribution to Fig.[T](a) of the second, 
^-dependent term. We call this contribution M^P(W), where the notation reminds us 
that this is the gauge-dependent part of the P^-boson contribution. After some elementary 
algebra, we find 



M?P{W) = ^4(1-^) J 



1 



x a_ 



(k 2 - m 2 w ) (k 2 - m 2 w i w ) 

(5) 



-f - mi + {f - mti —j- m {f - m { 



where a± = (1 ±7s)/2, j n = fi 4 ~ n J d n k/(2ir) n , and [i is the 't Hooft mass scale. The term 
proportional to ft cancels, since the integrand is odd under ft — > —ft, and the mi term cancels 
because of the chiral projectors. We rewrite fa_ as follows: 

2fta- = fa~ + a+f 

= (p - mj)a_ + a+(f - m v ) + m,;a_ + m^a + , (6) 

so that the i and i' quarks are treated on an equal footing. In the terms not involving mi, 
we employ the unitarity relation, 

V a Vi, = S w , (7) 
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and M^PiW) becomes 

m§? ( w) = g (i - M I w _ ml) L _ _ j-^ - m<) + (, - m , )a _ 

+ mi] + V$jV$a + (jJ - mj)- ^ - m,)a_ 1 . (8) 



The tadpole diagram of Fig. [T](b) contributes 



M*f(<t>) = -^S UI - I, - . (9) 



Its combination with the term proportional to Sa'Trii in Eq. (jSJ) gives 

g 2 rrii . /" 1 



<*«' / 7^ r> ( 10 ) 



a gauge-independent amplitude. Thus 
M™(W) + il4' d (0) = -^-?^ 



g 2 m r l 



«W Jn m W 

,2 



- - w / ( ^_, < . )( 1 F _ m ^ ii , ) [° + (y - '«.) + g» - -«>-] 

^ /* 1 1 



Using the relations 



a + (f — mi) = (f — mi)a^ + mia_ — rriia + , 

(p — mi)a_ = a + (ft — rrii') + mi>a + — mia_, (12) 



the last term of Eq. ( jlTT) may be written as 

x 3 iT [ a +(l* ~~ m *') + m i' a + ~ ma-}- (13) 

p — f — mi 

On the other hand, the contribution Ma/(<j)) to diagram [T]( a) arising from the (p^ boson is 

2 f 1 1 

M ^' (0) = /„ P-<^ Ka " " ma+) t-^-mi {m ' a+ ~ ma - ] - (M) 

Its combination with the term proportional to 

(m;a_ - ma+)- — t ("V a + - ma-) (15) 



in Eq. (|T3|) leads to a gauge-independent amplitude. 
Combining these results, we have 

M« D (^) + il4f(0) + M^(0) = -^fe 1 ' 



^ m W n Jn k2 ~ m W 



^ f 1 1 

+ 2^ V «^' X p^i; Ka - " mia+) f -^ mi {mva+ ~ mia ~ ] 

- g T 6 u ,(l - fa) / (fc2 _ <)( 1 fc2 _ mW K» - + * - 

2 /* | j 

+ |^!,d - w y_ (fc2 _ ml . )(F _ m ^ ) [d» - -".f-pj 

+ - mi)a-- ^ {miia + - m z a_) + (m;a_ - mid + )- n- 



— a + (p - m v ) 



mil . 



.(16) 



The contribution of the gauge-independent part of the 1^-boson propagator, i.e. the first 
term in Eq. (j3J), leads to 

M S HW) = -£ Vu Vi I w l^^ J -^— r ^. (17) 

In order to classify the various contributions according to the discussion of Sec. [Q we evaluate 
the integral that appears in Eq. (ITTj) and in the second term of Eq. ([TBI : 

1 



A + I(p 2 , mi )- J(p 2 ,m l )] + m l [2A + I(p 2 , mi )]} , (18) 



16tt 
where 

A = ^- + i[ 7£ -ln(4vr)] + ln^, (19) 
n — 4 2 /i 

r t, 9 N w 9 f 1 , r , 771? SE + 171^(1 ~ x) ~ T? x(\ ~ X) ~ IE , . 

{I p 2 ,m, ; J^ 2 ,mi = / dx{\ V x)\n^ ^ ; 2 - 1 . 20 

Jo m w 

Next, we insert Eq. (fT8j) into the second term of Eq. ([TBI) and into Eq. (ITTj) and finally 

add Eqs. (jTBj) and (fT7|) . Treating the terms involving and |Z*a + in the symmetric way 

explained before Eq. (JTJ), evaluating the integral J n (k 2 — m%/) 1 and employing once more 

the unitarity relation (T7]) in some of the m^-independent terms, we find that the complete 
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contribution from Figs. 111(a) and (b) can be expressed in the form: 



M$ = M^{W) + M^{W) + Mlf{<j>) - Mr.-io) 



32tt 2 



V U V^ -m, 1 + 



2m 2 w 



+ —^-(mia. + mi>a + ) [3A + I(p 2 ,m{) + J(p 2 ,m t )} 



uiid— + rrii/a + + — — — (mja + + mj/a_) 



2m 



[I(p 2 ,nii) - J(p 2 ,mi)} 



1 



2m^ 



\mim v ((f - mi)a + + a_(f - m v )) + m 2 ((f - mj)a_ + a + (^ - m^))] 



x [A + /(p 2 ,m,) - J(p 2 ,m,)] 
- [{f - mi)a_ + a + (f - m v )\ 

+ i8n 2 (l-£ w ) / — — ^2- w ,. 2 iii2 



A + ^ + /(p 2 , m^) - J Qo 2 , m;) 



zl67T 2 (l-e W ) / 
J n 



(k 2 - m 2 w ) (k 2 - m 2 w C w ) 
1 



rriii 



) + (*- 



— m,- a_ 



+ (mja_ — m^a H 



(/c 2 - m 2 ,) (A; 2 - m 2 ^) 
a + (f - m v ) + {f - m;)a_ 

a + (p-rrii') 



mi 
1 



m t 



-(mj/a + — m^a_) 



m; 



(21) 



The last two terms in Eq. (1211) are gauge dependent and include a left factor (p — m^) or a 
right factor (|) — m^) or both. Thus, they belong to the classes (i), (ii), or (iii) discussed in 
Sec. [H The integrals in these two terms can readily be evaluated using the identity 



ir 



(k 2 - m 2 w ) {k 2 - m 2 w i w ) m 



w 



1 



k 2 - m 2 w k 2 - m 2 w i w 



(22) 



and Eq. ([H]). We find 
z8tt 2 (1-^) ! 

J n 



(k 2 - m 2 w ) (k 2 - m 2 w ^ w ) 
L{f,m h £ w ) = H6n 2 (l - £ w ) / 

J n 



A-i-^(A-i + iln^ 



(23) 



# - mi) 



m 



dx — x) + mi] In 



n (k 2 - m 2 w ) {k 2 - m 2 w i Wl 
mfx + mly^wO- — x) — p 2 x{\ — x) — ie 



(24) 



b W jo mfx + m^(l — x) — p 2 x(l — x) — ie 

If i is an outgoing, on-shell up-type quark, the external-leg amplitude is obtained by 
multiplying Eq. ( l2il on the left by Ui(p), the spinor of the outgoing quark, and on the right 
by i(.f ~ mi/)' 1 , the propagator of the initial virtual quark. Thus, the relevant amplitude 



associated with the external leg is 



aa^ W mV-. (25) 



This brings about important simplifications. Using the well-known rules to treat indeter- 
minate factors of the form Ui(p)(jf> — mi)(jf> — rrii)~ l §], [h]], one readily finds the following 
identities for both diagonal (i' = i) and off-diagonal (i' 7^ i) contributions: 



2 

Ui(p)[ty ~ rrii)a ± + a T (ft - "v)] — = iu { (p)a T , (26) 



U, 



- mJOity - me)- = 0, (27) 

ft - rn v 

Ui(p)[ty - rn,i)a-Lty,mi,£ w )(mi>a + -m z a_) + (m^a. -mia + )L(ft, m h £ w )a+(fl ~ 

x- = iui(p)(mia_ - m l a + )L(4,mi,€ w )a + , (28) 

f-m v 

where 0\ is a generic Dirac operator that is regular in the limit ft — > m^ and L(ft, mi, £vy) is 
the integral defined in Eq. (1241) . These identities tell us that terms in M^) of class (iii) give 
a vanishing contribution to AM^f (cf. Eq. (I27p ). while those of classes (i) and (ii) combine 
to cancel the (ft - m^)" 1 factor in Eq. ([25} (cf. Eqs. ([26]) and fl28|) ). 

In the second and third terms of Eq. (T2~TI) . we expand the functions I(p 2 , mi) and J(p 2 , mi) 
about p 2 = mf. The lowest-order term, with p 2 set equal to m 2 , is independent of ft and, 
therefore, belongs the class (iv). The same is true of the other contributions in the first two 
terms of Eq. ([2T]) . They lead to a multiple of i(ft — JTij/) -1 in Eq. f[25l) with a cofactor that 
involves the chiral projectors a±, but is independent of ft. Thus, they belong to class (iv) 
and are identified as the sm contributions. The terms of O (p 2 — mf) in the expansions of 
I(p 2 ,mi) and J(p 2 ,mi) give only diagonal contributions (i 1 = i) to Eq. f[25l) . belong to class 
(i) because p 2 — m 2 = (ft — m^(ft + m^), and cancel the (ft — m^' 1 factor in Eq. §25§. Terms 
of O (^(p 2 — m 2 ) 2 j and higher in this expansion give vanishing contributions to AA4^f. 

As mentioned before, the terms of classes (i) and (ii) in M^, (including those generated 
by the expansions of I(p 2 ,mi) and J(p 2 ,mi)) are identified as wfr contributions. In contrast 
to the sm contributions, they contain gauge-dependent parts (cf. the last two terms in 
Eq. (l2~Tj) ). Both the sm and wfr contributions contain UV divergences. 
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B. Self-Mass Contributions 



The sm contributions AAi l ^f ,sm to the external-leg correction for an outgoing on-shell 
up-type quark i are obtained by inserting the first three terms of Eq. (I2T1) with p 2 set equal 
to mf into Eq. (gSJ): 



AM*?- = J^V^W {™, (l + ^-A) 



o 

777- 

— l —(mia_ + 77tya + ) [3 A + J (m?, mi) + J (m, 2 , mj)] 



miTRi' 

mid- + m^a + H ^— (mja + + r?va_ 

2mr 



+ 

x [J (m?, m,) - J (m?, mi)] } — ^ — . (29) 



me 



The amplitudes I (mf, mi) and J (mf, mi), defined in Eq. (I20I) . are real except when m^ = m t 
corresponding to an external on-shell top quark. The diagonal contributions in this case 
include imaginary parts that cannot be removed by a mass counterterm, in conjunction 
with a singular propagator. The problem arises because, in the usual calculation of its decay 
rate, the top quark is treated as an asymptotic state, rather than an unstable particle. In 
analogy with the case of the Z° boson, its proper treatment examines the resonance region 
in the virtual propagation of the top quark between its production and decay vertices. One 
finds that, in the narrow- width approximation, in which contributions of next-to-next-to- 
leading order are neglected, Im E(mt) is related to the total decay width Ft by the expression 
ImE(mt) = — r t [l — ReE'(mt)] and provides the iT t term in the resonance amplitude. The 
latter is proportional to i(f— m t +iT t )~ l [l— Re E'(mt)] -1 , where the first factor is the resonant 
propagator and the second one the wfr term that contributes to the top-quark couplings to 
the external particles in the production and decay vertices. Since the imaginary parts of 
I (ml, mi) and J (ml, mi) in the diagonal top-quark contributions are effectively absorbed 
in the iT t term in the resonance propagator, we remove them from Eq. (|29l) . Specifically, 
in the diagonal contributions to Eq. (1291) involving an external top quark, I (ml, mi) and 
J (mf, mi) are replaced by their real parts. 

We see that Eq. (|29|) satisfies the basic properties explained before: it is a multiple of 
the virtual-quark propagator i(jt> — mj/)^ 1 with a cofactor that is gauge and momentum 
independent. As expected in a chiral theory, it involves the a± projectors. 
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C. Wave- Function Renormalization Contributions 



For completeness, we exhibit the wfr contributions A.M^, g ' wfr to the external-leg correc- 
tion. They are obtained by inserting the last four terms of Eq. (|2ip into Eq. (j2"51) . employing 
the identities of Eqs. (I26p - (l28p . and incorporating the diagonal contributions arising from 
the expansions of I(p 2 ,mi) and J(p 2 ,mi) in the second and third terms of Eq. (12~T]) : 

,2 



AMj 



leg, wfr 
ii' 



9 



32vr 



VuV^Uiip) { [I (m 2 , mi) - J (m 2 , mi)] a H 



+ 



1 



2m 2 w 



(mimi'a_ + m 2 a + ) [A + / (m 2 , m t ) — J {m 2 , m^)] 



2 2 

mfm 



5u> 2 ^ 2 1 [i' {m 2 ,mi) + J' (m 2 ,mi)] + b iV m 2 ( 1 + 



IV 



2m? w 



x [/' (m 2 , mi) - J' (m 2 , mi)] + 
- N(mi,mi,£ w )a + } , 



a+ 



(30) 



where 



{/' (m 2 ,mi) ; J' (m 2 ,mi)} 



dx {1; x}x{l — x) 



o mfx + — x) — m 2 x{l — x) 



is 

2 _ ™2 



(31) 



are the derivatives of I(p ,mi) and J(p ,mi) with respect to p , evaluated at p = m 2 , and 



N(mi,mi,£ 



w ) 



in 



W JO 



dx [m 2 (l — x) 



2-, m^x + 771^^(1 — x) — m 2 x(l — x) — ie 

Tfli In ^ ^ — - k — r ; . 

mfx + m^(l — x) — mfx{± — x) — ie 

(32) 



The previous to last term in Eq. ( 130]) was obtained by using Eqs. ( 123]) and ( 1261) . and combin- 
ing the result with other A-dependent contributions. The last term in Eq. (130]) was obtained 
by using Eqs. (124]) and (128]) . and carrying out some elementary Dirac algebra. Employing 
Eq. ([7]) in m/-independent terms, we see that the UV-divergent part in Eq. (130]) is given by 



AM% 



log,wfr,div 



32tt : 



■VuV^u^A 



mf I _ in 

a- + [iw + 



2m 2 w 



2m 2 w 



(33) 



which contains both diagonal and off-diagonal pieces. In particular, the diagonal part of 
Eq. fl33|) contains a gauge-dependent contribution, while the off-diagonal term is gauge 
independent. 

We now digress on the further simplifications that take place when Eq. (130]) is inserted 
in the physical W — > q, L + q^ amplitude. In this case, Eq. (1301) is multiplied on the right 
by (—ig I 'y/2)Vi' jj^ l a_v j-e^, where Vj is the spinor associated with the q, quark and e M is the 
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polarization four-vector of the W boson. Because of the chiral projectors, the contribution 
of the term proportional to (m;7?v/2m^)a_[A + I — J] vanishes. Next, we note that the 
first, second, fifth, and sixth terms between curly brackets in Eq. (I3(jp are independent of 
i' . Denoting these contributions as f(rrii,mi) and employing the unitarity relation ([7]), we 
have VuV^Vii j f {m u mi) = Vu5ijf{m u mi) = V^fim^mj). Thus, the contributions of these 
terms to the W — > qi + qj amplitude are proportional to and depend only on the external- 
fermion masses m ; and rrij. The same is true of the corresponding contributions arising from 
the 5 ■ external leg. We emphasize that this result includes all the gauge-dependent and all 
the UV-divergent contributions in Eq. ( 1301) . This important property is shared by the proper 
vertex diagrams of Fig. [2J which are also proportional to and depend only on and rrij. 
As explained in Sec. HJ this property implies that, once the divergent sm contributions are 
canceled by renormalization, the proof of finiteness and gauge independence of the remaining 
one-loop corrections to the W — > qi + amplitude is the same as in the single-generation 
case. 

Although the contributions to the W — > qi + q~j amplitude from the terms involving 
I' (m^,mi) and J' (mf,mi) in Eq. ( 1301) are not simplified by the unitarity relations without 
appealing to suitable approximations, we note that they are finite and gauge independent. 
It is important to point out that the simplifications we encountered in the W — > qi + q^ am- 
plitude depend crucially on the fact that the wfr terms cancel the virtual-quark propagator 
i(f - rrii')' 1 . 

D. Other Cases 

Equations fl29|) and fl30l) exhibit the sm and wfr contributions to the external-leg correc- 
tions in the case of an outgoing on-shell up-type quark i. Here %' labels the initial virtual 
up-type quark in Fig. [T^a) and I the down-type quark in the loop. 

The corresponding expressions for an incoming up-type quark can be gleaned by multi- 
plying Eq. (I2T!) by Ui'(p) on the right and by i{jf> — mj)" 1 on the left. Interchanging % and 
i', it is easy to see that the sm contributions for an incoming up-type quark are obtained 
from Eq. ( J29l) by substituting VuV^, — > V^Vjj, interchanging a_ <-> a + between the curly 
brackets, and multiplying the resulting expression by Ui(p) on the right and by {i> — mj/) -1 
on the left. Similarly, the wave-function renormalization for an incoming up-type quark is 
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obtained from Eq. fl30|) by substituting VuV^, — > V^/V^, interchanging a_ <-> a + between the 
curly brackets, and multiplying the resulting expression by Ui(p) on the right. The expres- 
sions for an incoming (outgoing) up-type antiquark are the same as those for an outgoing 
(incoming) up-type quark with the substitution Ui(p) — > Vi(—p), the negative-energy spinor. 
In the case of antiquarks, p in these expressions is identified with the four-momentum in 
the direction of the arrows in the Feynman diagrams, which is minus the four-momentum of 
the antiparticle. Finally, the expression for an outgoing down-type quark is obtained from 
that of an outgoing up-type quark by substituting VuV^, — > VlVif, where j and f denote 
the on-shell and virtual down-type quarks, respectively, and I the up-type quark in the loop. 
The other down-type- quark amplitudes are obtained from the corresponding up-type-quark 
expressions in a similar manner. 



III. MASS RENORMALIZATION 



In order to generate mass counterterms suitable for the renormalization of the sm con- 
tributions shown in Eq. (I29I) . we may proceed as follows. In the weak-eigenstate basis, the 
bare mass matrices for the up- and down-type quarks (Q = U, D) are non-diagonal, and 
the corresponding terms in the Lagrangian density may be written as —''Pr^'q'^'l + h.c., 
where ip'® and ip R are left- and right-handed column spinors that include the three up-type 
(or down- type) quarks. Decomposing = m'® — 5m'Q, where m'® and 5m'® are identified 
as the renormalized and counterterm mass matrices, we envisage a biunitary transformation 
of the quark fields that diagonalizes m'®, leading to a renormalized mass matrix rrfi that is 
diagonal, real and endowed with positive entries. The same operation transforms 5m'® into 
a new matrix 5m® which, in general, is non-diagonal. In the new framework, which we may 
identify as the mass-eigenstate basis, the mass term is given by 

— ip (m — Srrv'a- — 5m ( - +S) a + ) ip = —ip R (m — 8rrv~A ipL ~ ^Pl { m ~ 5vrS + ^ ip R , (34) 

where m is real, diagonal, and positive, and 5m^ and <5mW are arbitrary non-diagonal 
matrices subject to the hermiticity constraint 

«W +) = 5m { - )] . (35) 

This constraint follows from the requirement that the mass terms in the Lagrangian density, 
displayed in Eq. fl34l) . must be hermitian. In order to simplify the notation, we do not 
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exhibit the label Q, but it is understood that Eq. (134")) represents two different mass matrices 
involving the up- and down-type quarks. 

As is customary, the mass counterterms are included in the interaction Lagrangian. Their 
contribution to Eq. (|25|) is given by 

illiip) (Smtfa- + Smtya+j - ^— . (36) 

We now adjust Sm[p and Swiffi to cancel, as much as possible, the sm contributions given 
in Eq. (j29|) . The cancellation of the UV-divergent parts is achieved by choosing 



It is important to note that 



S«i£) w =\t<!) n , (38) 
so that Sm^ and Sm^J satisfy the hermiticity requirement of Eq. (!35|) . 

In order to discuss the cancellation of the finite parts, we call %%' channel the amplitude in 
which % labels the outgoing, on-shell up- type quark and i' the initial, virtual one (cf. Fig. [1]). 
Then the i'i channel is the amplitude in which the roles are reversed: i' is the outgoing, 
on-shell quark, while i is the initial, virtual one. 

Comparing Eq. fT2U]) with Eq. fl3"6"l) . we see that a complete cancellation of the sm correc- 
tions for an outgoing up-type quark or an incoming up-type antiquark in the W channel is 
achieved by adjusting the mass counterterms according to 

Sm « = {*«' i 1 + £t A ) - ViiV ^ ^ 3A + 1 w m ^ + J mi K 
+ ViiV * i 1 + [/ (m2 ' mi) ~ J (m * 2 ' m/)] } ' 

+ VaV & i 1 + 2^) [/ m ^ ~ 3 (m '' m/)] } ' (39) 

Once Sm\p and Smffi are fixed, the mass counterterms for the reverse i'i channel are 
determined by the hermiticity condition of Eq. (|35|) . to wit 

Smtf = 5m%>, 5m^ = 5m&> . (40) 
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Since the functions / and J in Eq. (|29|) are evaluated at p 2 = m 2 in the %%' channel and 
at p 2 = m 2 in the i'i channel, we see that the mass counterterms in Eqs. fl39|) and fHUj) 
cannot remove completely the sm contributions in both amplitudes. Taking into account 
this restriction, we choose the following renormalization prescription. 

Writing the mass counterterm matrix for the up-type quark in the explicit form 



' 5m uu 5m uc 5m ut ^ 
5m cu 8m cc 5m ct 
8m tu 8m tc Sm tt 



(41) 



y om tu om tc om tt j 

where 5mu> = 5m^ a_ + 5m^a + (i, i' = u, c, t), we choose 5m UUJ 5m CCJ and 5m u to cancel, 
as is customary, all the diagonal contributions in Eq. ff29]) . For the non-diagonal entries, we 
choose 5m uc , 5m ut , and 5m ct to cancel completely the contributions in Eq. (|29|) corresponding 
to the uc, ut, and ct channels, respectively. The remaining mass counterterms, 5m cu , 5m tu , 
and 5m tc are then fixed by the hermiticity condition in Eq. This implies that the finite 
parts of the sm corrections in the cu, tu, and tc channels are not fully canceled. However, 
after the mass renormalization is implemented, the residual contributions from Eq. f)29p to 
the W — > qi + cjj amplitudes are finite, gauge independent, and very small in magnitude (see 
Appendix |A~|) . In fact, they are of second (first) order in the small ratios m^/m^ (q ^ t) 
when the top quark is not (is) the external particle and, furthermore, they include small 
CKM matrix elements. 

An analogous approach is followed for the down-type-quark mass counterterms. We call 
j'j channel the amplitude involving an incoming, on-shell down-type quark j and a virtual 
down-type quark j' . In analogy with Eq. fl39|) . the complete cancellation of the sm corrections 
for an incoming down-type quark (or an outgoing down-type antiquark) in the j'j channel 
is implemented by choosing: 

*4? = ^ {*# (i + £j A ) - rfn^jr + 1 K -0 + J K »*)] 

+ v ^ Vlj i 1 + [/ (m ?' mi) ~ 3 (m ?' m < )] } ' 
Sm % = 9 ^B i 1 + i A ) " v ^ii I 3A + 1 K m ^ + 3 K »*)] 

+ V ^ Vlj i 1 + Mr) [I (m ?' mi) ~ 3 (m ?' m ^ } ' (42) 
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where / labels the virtual up-type quark in the self-energy loop. 

We emphasize that Eqs. fl39l) and (|42p contain all the off-diagonal sm contributions since 
they only arise from Fig. [T](a) and the analogous diagrams involving the down-type quarks. 
On the other hand, there are many additional diagonal sm contributions from other dia- 
grams. 

Writing the mass counterterm matrix for the down-type quarks in the form 



' 5m dd 5m ds 5m db ^ 

5m sd 5m ss 5m sb 
y 5m bd 8m bs 5m bb j 



(43) 



we choose 5m dd , 5m ss , and 5m bb to cancel the diagonal sm contributions, and Sm sd , 5m bd , 
and 8m bs to cancel the corresponding off-diagonal terms. The hermiticity constraint implies 
then that the finite parts of the sm contributions are not fully canceled in the reverse ds, db, 
and sb channels. We find that, after the mass renormalization is implemented, the residual 
contributions involving the top quark in the self-energy loop are of first order in the small 
ratios, while the others are of second order. Nonetheless, as shown in Appendix |A], their 
contributions to the W — > qi + Qj amplitudes are also very small. In particular, the smallness 
in the ds channel arises because some contributions are of second order in m\ l/m^y (q ^ t) 
and others are proportional to m 2 s jm 2 t with very small CKM coefficients. 

We note that, in these renormalization prescriptions, the residual sm contributions are 
convergent in the limit my — * rrii or my — > mj, since the singularities of the virtual propaga- 
tors i(p — mii)~ l and i{yj) — m,y}~ x are canceled, a characteristic property of wfr contributions. 
Thus, these residual sm terms can be regarded as additional finite and gauge-independent 
contributions to wave-function renormalization that happen to be numerically very small. 

It is also interesting to note that these renormalization prescriptions imply that the sm 
contributions are fully canceled when the u or d quarks or antiquarks are the external, on- 
shell particles. This is of special interest since V ud , the relevant parameter in the W — >• u + d 
amplitude, is by far the most accurately measured CKM matrix element js, 4]. 
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IV. DIAGONALIZATION OF THE MASS COUNTERTERMS AND DERIVA- 
TION OF THE CKM COUNTERTERM MATRIX 



In Sec. 1111} we showed explicitly how the UV-divergent parts of the one-loop sm con- 
tributions associated with external quark legs [cf. Fig. [0(a)] can be canceled by suitably 
adjusting the non-diagonal mass counterterm matrix. By imposing on-shell renormalization 
conditions, we also showed how the finite parts of such contributions can be canceled up 
to the constraints imposed by the hermiticity of the mass matrix. We also recall that, in 
our formulation, the sm contributions and, consequently, also the mass counterterms are 
explicitly gauge independent. 

In this section, we discuss the diagonalization of the complete mass matrix of Eq. (IB4D . 
which includes the renormalized and counterterm mass matrices. We show how this proce- 
dure generates a CKM counterterm matrix that automatically satisfies the basic properties 
of gauge independence and unitarity. 

Starting with Eq. (Ell), we implement a biunitary transformation that diagonalizes the 
matrix m — 5mS~~>. Specifically, we consider the transformations 

4>l = U L ^ L , (44) 
ipR = U r iJj R} (45) 
and choose the unitary matrices U t and Ur so that 

U R (m - 5m^ ] ) U L = £>, (46) 
where T> is diagonal and real. From Eq. fj46|) . it follows that 

U\ (m - 5m { -^) (m - <W~ } ) U L = V 2 , (47) 
which, through 0(g 2 ), reduces to 

Ul (m 2 - mcW") - cW- )1 m) U L = V 2 . (48) 
Writing Ul = 1 + ihi, where Iil is hermitian and of 0(g 2 ), we have 

m 2 + i(m 2 hL — him 2 ) — m5m^~' — 5m^~^m = £> 2 , (49) 

where we have neglected terms of 0{g i ). Recalling that, in our formulation, m is diagonal 
(cf. Sec. IHip and taking the W component, Eq. (1491) becomes 

m 2 8u> + i (m| - m 2 ,) (h L )u> - rriiSmy - bm^m^ = V 2 b iV . (50) 
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For diagonal terms, with i = i', the term proportional to {hi)u> does not contribute. Fur- 
thermore, Eq. fl39|) tells us that 8m\ { ^ = Sm^ . Consequently, for diagonal elements of the 
mass counterterm matrix, one has Sm^ci- + 5m[^a + = 5m i} where Srrii = Sm[^ = 8m/^\ 
We note that the hermiticity condition of Eq. (|40l) implies that Srrii is real. Therefore, for 
i = i', Eq. (1501) reduces to mf — Imfimi = Vf or, equivalently, through 0{g 2 ), to 

T>i = vrti — Srrii. (51) 

In order to satisfy Eq. ( 1501) for i ^ i' , we need to cancel the off-diagonal contributions 
miSmt, +5m ii ^m i i. This is achieved by adjusting the non-diagonal elements of hi accord- 
ing to 

- m£ 

where we have employed the hermiticity relation of Eq. (1351) . Since the diagonal elements 
{hi) a do not contribute to Eq. ( l50l) . it is convenient to choose (/il)m = 0. In Appendix[B], we 
show that the alternative selection {hi) a ^ has no physical effect on the Wqiqj interactions. 

Returning to Eq. (1461) and writing Ur = 1 + ihn, one finds that hR is obtained from hi 
by substituting Sm^ «-> <5m^ + ^ in Eq. (152|) . Thus, 

= ^ ^ (z 7^ 0- 53 

— mi 



In fact, substituting t/f, = 1 + ih L and Ur — 1 + z/ir in Eq. fl46|) and employing Eqs. (152]) 
and (1531) . one readily verifies that the l.h.s. of Eq. ( BET) is indeed diagonal through 0{g 2 ). 
Furthermore, one recovers Eq. ( 15T1) . 

The above analysis is carried out separately to diagonalize the mass matrices of the up- 
and down-type quarks. Thus, we obtain two pairs of hi and hR matrices: h v L and h v R for 
the up-type quarks and h^ and h R for the down-type quarks. 

Next, we analyze the effect of transformation (1441) on the Wqiq~j interaction. Following 
standard conventions, the latter is given by 

C Wgi - g . = -^ U iVi rf a ^fW x + h.c, (54) 

where i/if {i = u,c,t) and ijjf {j = d,s,b) are the fields of the up- and down-type quarks, 
respectively, W\ is the field that annihilates a W + boson or creates a W~ boson, g is the 
bare SU(2)^ coupling, and V^- are the elements of the unitary CKM matrix. Alternatively, 
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in matrix notation, we have 

C Wqrq . = -J^ U L V^° Wx + h.c.. (55) 

It is important to note that, in the formulation of this paper, in which the UV- divergent 
sm terms are canceled by the mass counterterms and the proof of fmiteness of the other 
contributions to the W — > + q^ amplitude after the renormalization of is the same as 
in the unmixed case (cf. Sec. Ill CI) , are finite quantities. 

Inserting Eq. (144j) in Eq. (1551) . we find, through terms of 0(g 2 ), that 

C Wqrqj = -^MV - 5Vh x ^W x + h.c, (56) 

where 

SV = i (h u L V - Vh D L ) . (57) 

One readily verifies that V — 5V satisfies the unitarity condition through terms of 0(g 2 ), 
namely 

(V -5V)\V -5V) = l + 0{g 4 ). (58) 

Since V is finite and unitary, it is identified with the renormalized CKM matrix. On the 
other hand, in the (i^l^r) basis, in which the complete quark mass matrices are diagonal, 
5V and Vq = V — 5V represent the counterterm and bare CKM matrices, respectively. 

We now show explicitly that the ih^V term in 5V leads to the same off-diagonal contri- 
bution to the W — *> qi + q^ amplitude as the insertion of the mass counterterms Sm u ^ and 
§ m u(+) j n the external up-type-quark line. Indeed, the ihF L V contribution is given by 

M{ih u L V) = ^=u t i (h u L ).., % 7 V^e A , (59) 

where, again, Ui and v j are the external up- and down-type- quark spinors, respectively, and 
€\ is the 1^-boson polarization four- vector. Inserting Eq. (|52|) . Eq. (|59|) becomes 

MdhlV) = ^fj^^V^a.^, (60) 

where it is understood that i ^ i' and the label Q = U,D, which we had suppressed from 
Eq. flMl) through Eq. fl53|) . is again displayed. On the other hand, the off-diagonal mass 
counterterm insertion in the external up-type-quark line is given by 

M (5m u( --\ 6m u ^) = ~^f t t (Sm^a. + <Kv + V) -±-^V V]1 x a.v 3 t x . (61) 
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Rationalizing the propagator i(J> — m^) -1 , one finds after some elementary algebra that 
Eq. fl60l) coincides with Eq. fl6TT) . An analogous calculation shows that the —iVh® term 
in SV leads to the same off-diagonal contribution to the W — > + amplitude as the 
insertion of the mass counterterms Sm D( -~^ and Sm D( - + ^ in the external down-type-quark 
line. Since the mass counterterms are adjusted to cancel the off-diagonal sm contributions 
to the extent allowed by the hermiticity of the mass matrix, the same is true of the CKM 
counterterm matrix SV. In particular, SV fully cancels the UV-divergent part of the off- 
diagonal sm contributions. As mentioned above, in the formulation of this section, the 
complete mass matrix is diagonal, with elements of the form given in Eq. ( 15T1) . where m.j are 
the renormalized masses and Srrii the corresponding mass counterterms. The quantities Srrii 
are then adjusted to fully cancel the diagonal sm corrections in the external legs, in analogy 
with QED. As also explained above, the additional UV divergences arising from the wfr 
contributions, proper vertex diagrams, and renormalization of g$ cancel among themselves 
as in the single-generation case. 

For completeness, we explicitly exhibit the counterterm of the CKM matrix in component 
form: 



(hl) iV V V] -Vy {h D L ) rj 



(mf) 2 -«) 2 l ' 3 l3 ' K) 2 -K) 2 



where we have used Eqs. fl52l) . fl53|) . and fl57|) and it is understood that i ^ %' in the first 
term and j' ^ j in the second one. 

We note that Eq. ( |62l) involves contributions proportional to (mf — m^) 1 and 
(my — mf} \ which would become very large if the masses of different flavors were nearly 
degenerate. This is to be expected, since the role of these counterterms is precisely to cancel 
the analogous sm contributions to Eq. ([3]) arising from Fig. [TJ so that the renormalized 
expressions are indeed free from such singular behavior. 

It is important to emphasize that, in this formulation, both the renormalized CKM 
matrix V and its bare counterpart Vq — V — SV are explicitly gauge independent and 
satisfy the unitarity constraints V^V = 1 and VqV) = 1, respectively, through the order 
of the calculation. The explicit construction of the CKM counterterm matrix, as given in 
Eqs. ( |57|) and (|62|) . satisfying this important property, is the main result of this section. 
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V. CONCLUSIONS 



In this paper we have presented a natural on-shell framework to renormalize the CKM 
matrix at the one-loop level. We have shown the gauge independence of the sm contributions 
and discussed their cancellation in two equivalent formulations: the first one involves non- 
diagonal mass counterterms, while the second one is based on a CKM counterterm matrix. 
We have also established the important fact that the proof of gauge independence and 
finiteness of the remaining one-loop corrections to the W — > qi + q~j amplitude can be 
reduced to the single- generation case. The analysis has led us to an explicit expression 
for the CKM counterterm matrix SVij, given in Eq. (1621) . that satisfies the basic property of 
gauge independence and is consistent with the unitarity of both Vq = V — 5V and V, the bare 
and renormalized CKM matrices. Furthermore, it leads to renormalized amplitudes that are 
non-singular in the limit in which any two fermions become mass degenerate. Because V is 
finite, gauge independent, and unitary, its elements can be identified with the experimentally 
measured CKM matrix elements. 
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APPENDIX A: RESIDUAL SELF-MASS CORRECTIONS dj 

In this appendix we evaluate the finite and gauge-independent residual contributions 
—CijUff x a-Vje\ to the W — > + 7jj amplitude that are not removed in our mass renormal- 
ization prescription due to the restrictions imposed by the hermiticity of the mass matrices. 
Inserting Eq. (1291) and its counterpart for down-quark matrices in the expression for the 
W —>■ qi + Ijj amplitude and implementing our mass renormalization subtractions, we find 
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the residual sm corrections Cu to be 



32tt 2 I mf — mf, 



m 2 + ml + — ) (I(p\ mi) - J(p 2 , mi)) 
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- w\ K 2 + m i') ( J G° 2 > m i) + j (p 2 ' m i)) 
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m k 
2mfy 



(mj + m 2 ) (I(p 2 , m k ) + J (p 2 , m fc )) 



p 2 =m 2 . 
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(Al) 



where the / and k summations are over I = d,s,b and k = u,c, t, and it is understood that 
only terms with (i, i') = (c, u), (t, u), (t, c) or (j',j) = (d, s), (d, b), (s, b) are included. 

For the reader's convenience, we list compact analytic results for the functions I(p 2 ,mi) 
and J(p 2 ,mi) defined in Eq. (}2"0]) : 
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where 



/(*) 



Va; 2 — 1 cosh 1 (— i 



vr 



a; 2 cos l (—x] 



iix< -1, 
if -1 < a; < 1, 



(A3) 



Va; 2 — 1 (— cosh x + Z7r) if x > 1. 

In practical applications of Eq. ( 1A2I) . one encounters strong numerical cancellations between 
the various terms when \p 2 \ <C m 2 ^. It is then advantageous to employ the expansions of 
I(p 2 ,mi) and J(p 2 ,mi) in p 2 about p 2 = 0, 
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TABLE I: Residual self-mass corrections Cj,- as evaluated from Eq. (|Aip in the form (Re Cij, Im Cy). 

d s b 

(0, 0) (-1.6 x 10" 12 , -5.2 x 10" 13 ) (-3.2 x 10" 9 , 4.9 x 10" 9 ) 

(4.5 x 1(T 13 , 1.2 x 10~ 13 ) (4.9 x 1(T 13 , 1.5 x 1(T 13 ) (-6.1 x 10" 8 , 2.1 x 1(T 12 ) 
t (-1.5 x l(T 9 ,-7.9 x 10~ 8 ) (-1.6 x 1(T 7 ,3.7 x 10" 7 ) (-4.0 x 1(T 9 , 1.6 x 10" 8 ) 



The standard parameterization of the CKM matrix, in terms of the three angles 612, O23, 
and #13 and the phase 5, reads [2(1 : 
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/ 



where = sin 6^' and Cij = cos%. An equivalent set of four real parameters are A, A, p, 
and rj, which are related to 812, 623, #13, and 8 as 



S12 



si 3 e 



S23 
5 



A, 



AX 3 (p + ifj) y/l - A 2 X 4 



(A6) 



VT^A2[1- A 2 \ 4 (p + irj)} 

In our numerical evaluation of Eq. flAll) . we identify g 2 /(47r) = a(mz)/ sm 2 Owi^z) and 
employ the values aimz) = 1/127.918 and sin 2 9 w (m z ) = 0.23122 [2j. We take the W-boson 
mass to be mw = 80.403 GeV 3|. As for the quark masses, we use the values m u = 62 MeV, 
j* = 83 MeV, m , = 21 5 MeV, „ c = 435 GeV, m = 4.5 GeV B and = !7,7 GeV 
[2|; in the case of the lighter quarks, these correspond to effective masses that are especially 
appropriate for electroweak analyses like ours. We evaluate the CKM matrix elements from 
Eqs. (TA5D and (|A6]) using the values A = 0.2272, A = 0.818, p = 0.221, and rj = 0.340 Q. 

In Table [J we present our results for the residual sm corrections C^. As explained in 
Sec. IHIt in our renormalization prescription C u d = 0. As shown in Table [J for the other 
W —> qi + cjj amplitudes, the real and imaginary parts of CV, are very small. For example, 
the fractional corrections of Re with respect to the real parts of the corresponding Born 



24 



amplitude couplings, namely Re Cy/ Re Vij, reach a maximum value of 4x 10~ 6 for t — > W+s 
and are much smaller for several other cases. It is important to note that the Cy are non- 
singular in the limits — > or my — > rrij, since the (m? — m?,) 1 and (m| — m|,) 1 
singularities are canceled by the subtraction procedure in Eq. (IA1I) . For this reason, as 
also explained in Sec. IHH these residual corrections can be regarded as additional finite and 
gauge-independent wfr contributions, which happen to be very small. 



APPENDIX B: CASE {h£)u ^ 



Since the diagonal elements {h^u do not contribute to the diagonalization condition of 
Eq. f loTIj) . in the analysis of Sec. HV] we chose (h L )u = 0. We now show that the alternative 
choice ^ has no physical effect on the Wqiq^ coupling though 0(g 2 ). As explained 

in Sec. HV] the biunitary transformation of Eqs. (jHJ) and (|45j) leads to a Wqq^ interaction 
described through terms of 0(g 2 ) by Eqs. fl56|) and fl57j) . Writing these expressions in 
component form and separating out the contributions involving the diagonal elements of h u 
and h D , we obtain an expression proportional to 

— r__ . ,_ __ . ,_ r,. i A 1(D) 



(Bl) 



which can be written as 



A [l-^(h U L ) l^ ]V ^J l + i(h°).. 



^aj^ + 0(g 4 ) 



(B2) 



In turn, this can be expressed as 



#~ ' exp [-i (h u L ) ..] Vy exp [i (h D L )A 7 V^ (D) + 0{g A ). 



(B3) 



Since h![ and h D are hermitian, the diagonal elements are real. Thus exp [— i (h^)^ and 



exp 



(hi) j j are multiplicative phases that can be absorbed in redefinitions of the ^ and 



(10 



if)) fields. 
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